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ANNUAL STATUS REPORT ON 

NASA RESEARCH GRANT NO. NsG-351-Sup-1 

This annual s t a t u s  r epor t  covers  t he  thir teen-month per iod  from 
A p r i l  1, 1964, t o  Apr i l  30, 1965. The r e p o r t  is d iv ided  i n t o  s e c t i o n s  
as  fol lows:  

Research Work Completed 
Research i n  Progress  
Pub l i ca t ion  L i s t  
Research Per sonne 1 
Annual Cost Summary 

Research work Completed 

The fol lowing p r o j e c t s  of c o n t r o l  theory i n v e s t i g a t i o n  have been 
completed dur ing  t h e  thir teen-month per iod from A p r i l  1, 1964, t o  
A p r i l  30, 1965. 

I. Design of Minimum Energy and Minimum Time-Weighted Energy Discre te -  
Data Control  .. Systems: 

I n  r ecen t  yea r s  cons iderable  e f f o r t  has  been expended on the  o p t i -  
mum des ign  of  d i s c r e t e - d a t a  con t ro l  systems, e s p e c i a l l y  on deadbeat 
c o n t r o l s .  

For systems wi thout  s a t u r a t i o n ,  Kalman and B e r t r a m  presented a very 
e l e g a n t  method. Kalman a l s o  proposed a method f o r  s a t u r a t i n g  time- 
opt imal  c o n t r o l .  

. p  It i s  w e l l  known t h a t  f o r  non-sa tura t ing  t ime-optimal con t ro l  an , 

n - t h  o rde r  system can be brought from an i n i t i a l  s t a t e  t o  a des i r ed  
f i n a l  s t a t e  i n  n sampling per iods  o r  l e s s .  But f o r  s a t u r a t i n g  con t ro l  c. 
t he  requi red  number of sampling per iods  i s ,  i n  gene ra l ,  g r e a t e r  than  nt 
Furthermore,  t h e  c o n t r o l  i s  not unique. A unique c o n t r o l  can be 0btai.p: 
by imposing an a d d i t i o n a l  c o n s t r a i n t  , f o r  example , t he  so-ca l led  minimum' 
energy c o n t r o l .  

I n  many p r a c t i c a l  problems, t he  system output  i s  requi red  t o  be . 
e r r o r - f r e e  a f t e r  a f i n i t e  per iod NT > nT, but  t h e  t ime-optimal respons'e 
i s  no t  necessary.  
i n g  t h e  minimum sum-of-input-squares, convent iona l ly  c a l l e d  minimum ' 

energy ,  d i s c r e t e - d a t a  c o n t r o l  of an n- th  o rde r  cont inuous p l a n t  pre-  
ceded by a zero-order hold.  That i s  we want 

I n  t h i s  paper a procedure i s  developed f o r  design-  
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i s  t h e  system input  du r ing  the  per iod  (k-lT, kT). The system 
t o  reach  the  o r i g i n  of t h e  state space from a given i n i t i a l  

the  der ived  mat r ix  has been developed, which expresses  t h e  r e l a t i o n s h i p  
between t h e  canonical  vec to r s .  
the  der ived  mat r ix  only ,  which i s  i n  a very  simple form and i s  easy  t o  
implement. The method i s  no t  r e s t r i c t e d  by the  order  of t he  system. 
The importance of t h i s  type of c o n t r o l  has  been d iscussed .  

sampling per iods ,  with N > n.  An important matrix, c a l l e d  

The minimum energy c o n t r o l  depends on 

Extension of t h e  above technique t o  t h e  des ign  of time-weighted 
energy has been made. Here the q u a n t i t y  t o  be minimized i s  

N 
E = 1 d(k)  Im(kt) I * ,  

k=l  

The advantage of time-weighted minimum energy c o n t r o l  i s  t h a t  by a 
s u i t a b l e  choice of d ( k ) ,  i t  i s  p o s s i b l e  t o  approach the  te rmina l  s ta te  
more gradual ly  and y e t  have a f a s t e r  r ise  time. 

The r e s u l t s  of t h i s  i n v e s t i g a t i o n  were published as items N o .  1 
and No. 2 i n  t h e  Pub l i ca t ion  L i s t .  

11. Minimum Energy Design of Discrete-Data Control  Systems. 

I n  any deadbeat design of d i s c r e t e - d a t a  c o n t r o l  systems where 

open-loop between every N sampling pe r iods ,  t he re fo re  any load d i s -  
turbance e f f e c t  i s  uncompensated u n t i l  t he  end of each N sampling 
pe r iods .  I n  many c o n t r o l  problems, t he  deadbeat f e a t u r e  i s  r e a l l y  not  
necessary ,  a l l  one asks f o r  are  good t r a n s i e n t  responses and accuracy. 

Methods f o r  t h e  design of d i s c r e t e - d a t a  c o n t r o l  f o r  a d e s i r e d  

I 

t r a n s i e n t  response v i a  the dominant po le  concept have been proposed. 
These methods r e q u i r e  t h a t  the sampling frequency be h igh  compared t o  
t h e  frequency of t he  dominant c losed-loop p o l e s ,  l i m i t i n g  the  use fu lness  
of  the  methods. 

Another method i s  t o  employ t h e  s t a t i s t i c a l  des ign  approach. HOW- 
eve r ,  t h i s  method leaves  l i t t l e  room f o r  s e t t l i n g  time adjustment .  

A new approach has been developed f o r  des igning  a d i s c r e t e - d a t a  
feedback c o n t r o l  system. F i r s t ,  the  number of sampling pe r iods ,  N ,  
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requi red  f o r  s e t t l i n g  i s  chosen. Then a c o n t r o l  law i s  designed f o r  
producing a deadbeat response wi th  minimum p l a n t  input  energy,  t h a t  i s ,  

N 

E = T 1 (m(k)[ = minimum 

k= 1 
- 

where m(k) i s  t h e  p l a n t  input  dur ing  the  per iod (k- lT ,  kT). Only m(1) 
i s  eve r  appl ied  t o  the p l an t  input .  A t  each sampling i n s t a n t  the  p l a n t  
s t a t e ,  which i s  t o  be used a s  t h e  new i n i t i a l  s t a t e  i s  i d e n t i f i e d ,  and 
a new m ( 1 )  corresponding t o  t h i s  i n i t i a l  s t a t e  i s  appl ied t o  p l a n t  i n p u t .  
Since the  system i s  closed-loop a t  each sampling i n s t a n t ,  d i s tu rbances  
a r e  immediately compensated. System output  response obtained i n  t h i s  
way i s  very s a t i s f a c t o r y ,  although i t  i s  not  deadbeat .  The r i s e t i m e  
can be c o n t r o l l e d  by ad jus t ing  N ,  which i s  done by examining t h e  eigen-  
values  of t h e  closed-loop system. 

The avoidance of mul t ip le  o rde r  po les  of t h e  closed-loop t r a n s f e r  
func t ion ,  a s soc ia t ed  wi th  the  non-deadbeat response,  a l s o  prevents  the  
system from having i n f i n i t e  d i f f e r e n t i a l  s e n s i t i v i t y  with r e s p e c t  t o  
p l an t  parameter v a r i a t i o n .  

The r e s u l t  of t h i s  i n v e s t i g a t i o n  w i l l  be publ ished a s  i t e m  No. 3 
i n  the  Pub l i ca t ion  L i s t ,  t o  be presented a t  I n t e r n a t i o n a l  Federa t ion  
of Automatic Control  Tokyo Symposium on August 25-28, 1965, Tokyo, 
Japan.  

111. Geometrical  I n t e r p r e t a t i o n s  and Graphical  Solu t ion  of Minimum 
Energy Cont ro l .  

The mathematical approach used i n  cons ider ing  the minimal energy 
problem f o r  d i s c r e t e  systems (Sect ion I above) i s  capable of g iv ing  
not  only very compact so lu t ions  but  a l so  sheds l i g h t  on the  problem of 
s a t u r a t i o n .  Furthermore,  the problem of energy conservat ion i s  most 
e a s i l y  considered i n  the canonical v e c t o r  space.  

Geometrical  Approach t o  the Sa tu ra t ion  Problem. 

Previous approaches t o  the s a t u r a t i o n  problem i n  d i s c r e t e  systems 
inc lude  programming methods and more r e c e n t l y  the  use of func t iona l  
a n a l y s i s .  With t h e  f o r c i n g  func t ion  l imi t ed  i n  absolu te  va lue  by 
s a t u r a t i o n  only  a c e r t a i n  region of t he  s ta te  space (o r  the canonica l  
vec to r  space)  can be taken t o  the  o r i g i n  i n  N sampling per iods  o r  l e s s .  
This  we l l  known reg ion  i s  termed the  s e t  r N' A subregion i n s i d e  rN 
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i s  the set: MN which i s  def ined a s  the  set  of s t a t e s  t h a t  can be taken 
t o  the  o r i g i n  i n  N sampling per iods wi th  an input  sequence, considered 
t o  be unconstrained,  t h a t  minimizes E bu t  which i n  f a c t  does not  v i o l a t e  
the s a t u r a t i o n  l i m i t s .  A knowledge of t h i s  s e t  i s  use fu l  because w e  
would l i k e  t o  know whether we a r e  l i k e l y  t o  v i o l a t e  the  s a t u r a t i o n  
l i m i t s  i f  w e  use the  simple l i n e a r  des ign  equat ions  on a given d i s tu rbed  
i n i t i a l  s t a t e .  

The s e t  MN i s  developed i n  the  canonica l  vec to r  space us ing  only  
the der ived  mat r ix .  For second o rde r  systems,  a simple graphica l  
procedure has been developed which g ives  MN and a l s o  al lows the  est ima-  
t i o n ,  w i th in  graphica l  accuracy, of the  inpu t  sequence. 

Severa l  i n t e r e s t i n g  p r o p e r t i e s  of MN have been obtained which a r e  
not  l imi ted  t o  second o rde r  systems. These p r o p e r t i e s  can be used t o  
avoid the  s a t u r a t i o n  problem. 

Geometrical Approach t o  Enerpy Conservation i n  Linear  Systems. 

While t ime-optimal r egu la t ion  i s  of importance i n  many cases ,  i t  
i s  of g rea t  p r a c t i c a l  and t h e o r e t i c a l  i n t e r e s t  t o  know i f  i t  i s  pos- 
s i b l e ,  and i f  so how and under what cond i t ions ,  t o  t r ade  minimum t i m e  
of regula t ior .  and the  minimum energy a s soc ia t ed  wi th  t h i s  t i m e  f o r  a 
longer  r e g u l a t i o n  time and l e s s  energy. 

This  r e sea rch  i n v e s t i g a t e s  t he  p o s s i b i l i t i e s  and l i m i t a t i o n s  of 
reducing energy consumption by inc reas ing  t h e  number of sampling 
pe r iods ,  N ,  a v a i l a b l e  f o r  t he  system t o  reach equi l ibrum. It i s  found 
t h a t  f o r  a given i n i t i a l  s t a t e  t he  energy requi red  f o r  r e g u l a t i o n  i s  
reduced i f  N i s  increased .  The b a s i s  of  t h e  eva lua t ion  depends upon 
the  shape and s i z e  of t h e  s e t  of a l l  i n i t i a l  s t a t e s  t h a t  can be taken 
t o  t h e  o r i g i n  i n  a given t ime, N sampling pe r iods ,  and a given energy 
E ,  wi th  E t he  minimum energy consumption. These s e t s  a r e  termed t h e  
minimum energy r eg ions ,  MN(E). 
wi th  inc reas ing  N can be obtained d i r e c t l y  from these  sets ,  and thus  
the  b e s t  t r ade -o f f  f o r  a p a r t i c u l a r  s i t u a t i o n  i s  c l e a r l y  d isp layed .  

The r a t e  of  decrease  of the  energy 

An example has  been t r i e d  f o r  a second o rde r  system t o  demon- 
s t r a t e  t he  s i m p l i c i t y  of t h e  method. The analog computer has been 
used i n  a novel way t o  generate the  minimum energy r eg ions ,  which a r e  
L i s sa jous  f i g u r e s  i n  the  "canonical" vec to r  space;  and the  p a t t e r n s  
a re  used d i r e c t l y  t o  ob ta in  a p l o t  of t h e  minimum energy consumptions 
a s  a func t ion  of the s e t t l i n g  t ime. 

The r e s u l t  of t h i s  research w i l l  be publ ished a s  i t e m  No. 4 i n  
the  P u b l i c a t i o n  L i s t  of t h i s  r epor t .  

IV. Optimum Recovery of The Thrust T rans i en t  of a Rocket Engine from 
The Di s to r t ed  Measurement Record: 
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The accura te  measurement of t r a n s i e n t  t h r u s t  c h a r a c t e r i s t i c s  i s  an 
important problem. I n  aerospace engineer ing  t h e  s tudy of t h r u s t  bu i ld -  
up and t a i l - o f f  r e q u i r e s  t h e  measurement of t he  t h r u s t  t r a n s i e n t  pro- 
duced by rocket  engines .  This measurement i s  complicated by the  f a c t  
t h a t  t he  bandwidth of  the  measuring instrument i s  much smaller than  t h e  
bandwidth of t h e  measured s i g n a l .  The problem e x i s t s  because a mechani- 
c a l  t h r u s t  s tand  wi th  a l a r g e  i n e r t i a  i s  t h e  device t h a t  i s  used t o  
measure the r ap id  changing rocket  t h r u s t .  Under t h i s  cond i t ion  t h e  out -  
put  of the  t h r u s t  s tand  i s  no longer  a f a i t h f u l  r e p l i c a  of i t s  inpu t .  

Geothert  proposed a numerical method t o  recover  the  o r i g i n a l  
s i g n a l  from t h e  d i s t o r t e d  s i g n a l .  This  method involves  the  use  of  a 
t r igonometr ic  s e r i e s  and d i g i t a l  computation. 
p l i c a t e d  and i s  sub jec t  t o  t runca t ion  e r r o r  of t he  t r igonometr ic  s e r i e s .  
A very l a rge  number of terms must be taken t o  produce a s a t i s f a c t o r y  
recovery.  

The method i s  very com- 

Sprouse and McGregor proposed an analog method which makes use  of 
a c losed  loop c o r r e c t i n g  system i n  cascade wi th  the  t h r u s t  s tand .  The 
parameters  of t he  closed-loop system are ad jus ted  t o  give a s a t i s f a c t o r y  
t h r u s t  recovery.  However, no c r i t e r i o n  i s  given f o r  t h i s  adjustment .  
Moreover, t he  s imula t ion  o f  the closed-loop system, which has  a r a t h e r  
involved t r a n s f e r  func t ion  i n  the  feedback loop,  i s  sub jec t  s e r i o u s l y  
t o  analog computer n o i s e .  

An i n v e s t i g a t i o n  has  been made t o  dev i se  a b e t t e r  t h r u s t  t r a n s i e n t  
recovery scheme. The method developed uses  an open-loop c o r r e c t i n g  
network i n  cascade wi th  the  t h r u s t  s tand  output .  This  open-loop network 
i s  simulated by a s m a l l  analog computer. The network parameters a r e  so 
ad jus ted  t h a t  t h e  o v e r a l l  system, inc lud ing  both the  t h r u s t  s tand  and 
the  c o r r e c t i n g  network, has  a maximally f l a t  frequency response.  It 
has  been found t h a t  i nc reas ing  the  o rde r  of the  c o r r e c t i n g  system does 
not  give apprec iab le  improvement t o  the  r e s u l t .  Comparison has  been 
made between a l l  t h ree  methods. It i s  found t h a t  t h i s  l a s t  scheme 
g ives  much b e t t e r  r e s u l t s  and r e q u i r e s  less hardware. 

The r e s u l t  of t h i s  i n v e s t i g a t i o n  was publ ished a s  i t e m  N o .  5 i n  
the  Pub l i ca t ion  L i s t  of t h i s  r e p o r t .  

V. Pole S e n s i t i v i t y  of Feedback Systems: 

Engineers have long been us ing  the term " s e n s i t i v i t y "  t o  denote  
a q u a n t i t a t i v e  measure of  t he  v a r i a t i o n  of one system parameter due 
t o  v a r i a t i o n  of another  system parameter.  D i f f e r e n t  mathematical  de- 
f i n i t i o n s  of s e n s i t i v i t y  have been proposed by Bode, Truxal ,  U r  and 
Chang f o r  d i f f e r e n t  purposes .  However, i t  i s  found t h a t  t hese  d e f i n i -  
t i o n s  a r e  not  always convenient f o r  p r a c t i c a l  engineer ing  uses .  For 
i n s t a n c e ,  does a s e n s i t i v i t y  equal  t o  zero r e a l l y  imply the  complete 
i n s e n s i t i v e n e s s  of a system? And, does a measure of i n f i n i t e  s e n s i t i v i t y  
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truly mean an infinite change of one system parameter with respect to a 
finite variation of another parameter? 

For engineering purposes, a good definition of sensitivity measure 
should have the following qualities: 

1. significance 

2.  reliability 

3 .  convenience in use 

The object of this investigation is to review the various defi- 
nitions of "sensitivity," and to propose more satisfactory mathematical 
definitions of the "pole sensitivity of a feedback system" (Hereafter 
called "pole sensitivity" for simplicity) for engineering applications. 

It is found that the form of Bode-Truxal's sensitivity function, 
is troublesome when used as a measure of a pole sensitivity under the 
following conditions: 

(i) When the pole of the closed-loop transfer function, 
whose sensitivity is desired, has multiplicity greater 
than one. 

(ii) When the pole of the closed-loop transfer function, 
whose sensitivity is desired, is at the origin. 

(iii) When the pole, or zero, of the open-loop transfer 
function, with respect to which the closed-loop 
sensitivity is desired, is at the origin. 

The first two conditions have been shown to yield infinite sensitivity 
while the third condition yields zero zensitivity. 

From the result of this investigation, it is proposed that the 
sensitivity of a closed-loop pole s with respect to the open loop 
gain K be j 

K 

and the sensitivity of the closed-loop pole to open loop poles or zeros 
be 
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where m i s  t h e  m u l t i p l i c i t y  of t h e  closed-loop pole .  

A convenient method of eva lua t ing  the  proposed s e n s i t i v i t y  func- 
t i o n s  has  been developed. 

The r e s u l t  of t h i s  i n v e s t i g a t i o n  has  been publ ished as i tem No. 6 
i n  t he  Pub l i ca t ion  L i s t  of t h i s  r e p o r t .  

V I .  C l a s s i f i c a t i o n  of Adaptive Control  Systems: 

With t h e  progress  be ing  made i n  space,  and o t h e r  i n d u s t r i a l  tech-  
no log ie s ,  t h e r e  i s  a growing need f o r  automatic  con t ro l  systems which 
a r e  capable  of changing t h e i r  own parameters i n  o rde r  t o  remain e f f i c i e n t  
i n  s p i t e  of l a r g e  changes i n  environment and system c h a r a c t e r i s t i c s .  

I n  the  l i t e r a t u r e  on adapt ive  c o n t r o l  systems one f i n d s  t h a t  d i f -  
f e r e n t  r e sea rch  groups have used t h e i r  own terms and d e f i n i t i o n s  l i k e  
pas s ive  adapt ive  systems, a c t i v e  adapt ive  systems, computing type 
adapt ive  systems, s e l f -o rgan iz ing  systems, s e l f -op t imiz ing  systems, 
l e a r n i n g  systems, pre taught  sys t ems ,  e t c .  Many of t hese  terms over lap  
each o t h e r  and sometimes the  same t e r m  has  been used by var ious  groups 
f o r  systems which belong t o  d i f f e r e n t  c a t e g o r i e s .  

It i s  f e l t ,  t he re fo re ,  t h a t  t h e r e  i s  a g rea t  need f o r  a p r e c i s e  
and c l e a r - c u t  scheme of c l a s s i f i c a t i o n s  of d i f f e r e n t  types of systems 
which can be used f o r  s tandard d e f i n i t i o n s .  This  genera l  c l a s s i f i c a t i o n  
should inc lude  a l l  t h e  poss ib l e  types .  

A scheme of c l a s s i f i c a t i o n  of adapt ive  c o n t r o l  systems has  been 
developed, and it has  been shown t h a t  a l a rge  v a r i e t y  of adapt ive ,  
"self-opt imizing" and " learning" c o n t r o l  systems can be f i t t e d  i n t o  
t h i s  scheme. 

The scheme d iv ides  a l l  adapt ive systems i n t o  t h r e e  c l a s s e s ,  namely, 
b a s i c  adapt ive  systems, s t a t i c  adapt ive  systems, and dynamic adapt ive  
systems. 

It may be pointed out t h a t  i n  t h e  l i t e r a t u r e  on the  so-ca l led  
learn ing"  systems, t he re  i s  some controversy on t h e  proper  use of 

t he  word l ea rn ing .  Systems belonging t o  the  dynamic adapt ive  class 
could be considered as  r e a l l y  of t h e  l e a r n i n g  type ,  but probably i t  
i s  d e s i r a b l e  not  t o  use the  word " learning" due t o  the confusion i t  
may c r e a t e .  

I 1  

The r e s u l t  of t h i s  study has  been publ ished as i t e m  N o .  7 i n  t he  
Pub l i ca t ion  L i s t  of t h i s  r e p o r t .  
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Research on t h e  Nonlinear Problems Involved i n  t h e  S t e e r i n g  of 
Spacecraf t s  Using On-off Control :  

V I I .  

Research has  been done t o  i n v e s t i g a t e  the  e f f e c t s  of t i m e  de l ay  
and non l inea r  c h a r a c t e r i s t i c s  such as deadband, h y s t e r e s i s ,  e t c . ,  i n  
an on-off c o n t r o l  system involv ing  more than  one n o n l i n e a r i t y .  Systems 
of t h i s  type are d i f f i c u l t  t o  handle by convent ional  techniques f o r  
nonl inear  a n a l y s i s .  

A new method, c a l l e d  the rate-diagram method, was used f o r  t h i s  
i n v e s t i g a t i o n .  Problems of s t a b i l i t y ,  l i m i t  c y c l e s ,  t r a n s i e n t  response,  
du ty  c y c l e ,  e t c . ,  were inves t iga t ed .  It w a s  found t h a t  t he  ra te  diagram 
technique i s  very u s e f u l  f o r  an i n e r t i a l  p l a n t ,  such as a space veh ic l e  
i n  f r e e  space.  

The r e s u l t  of t h i s  study i s  be ing  prepared a s  i t e m  No. 8 i n  t h e  
Pub l i ca t ion  L i s t .  

Research i n  Progress  

I .  Process I d e n t i f i c a t i o n :  

It has  been found t h a t  the or thogonal  p r o j e c t i o n  method of o p t i -  
mum es t ima t ion  i s  most s u i t a b l e  f o r  optimum d a t a  recovery involved i n  
space technology. One major problem which h inde r s  the  e f f e c t i v e  u s e  
of t h i s  technique,  i s  t h a t  the dynamics of t he  system which generated 
the  random process  must be known beforehand. This  problem i s  f u r t h e r  
complicated when the  process  is  t i m e  vary ing .  Research i s  underway t o  
develop a p r a c t i c a l  scheme which i d e n t i f i e s  t he  dynamics which genera te  
the  random process .  

11. Continued I n v e s t i g a t i o n  on.Discrete-Data  Control  Systems: 

Although many "advances" have been made wi th  the  r ecen t  t h e o r e t i c a l  
t o o l s  of L inea r ,  Nonlinear and Dynamic programming these  programming 
techniques a r e  f a r  from the un ive r sa l  panacea. They i n t r i n s i c a l l y  f a i l  
t o  give i n s i g h t  i n t o  many problems; t he re  i s  a p re s s ing  need f o r  syn- 
t h e s i s  and des ign  techniques which themselves suggest improvements t o  
e x i s t i n g  c o n t r o l  systems and which suggest  novel and s impler  hardware 
f o r  implementation of the  theory.  

While the  Minimum Energy Control  of PAM p l a n t s  has  been i n v e s t i -  
gated i n  some d e t a i l ,  research  i s  cont inuing  t o  develop t h e  p r a c t i c a l  
a p p l i c a t i o n  of t he  theory.  
c o n s t r a i n t s  on movement of c e r t a i n  v a r i a b l e s  a r e  a l s o  under i n v e s t i -  
ga t ion .  

Other c o s t  c r i t e r i a  and the  problem of 
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111. Low S e n s i t i v i t y  Control  Systems: 

The development of a design procedure f o r  low s e n s i t i v i t y  c o n t r o l  
systems i s  being continued. 
t i o n s  proposed by Hung. It i s  f e l t  t h a t  t he  developed method w i l l  be 
very convenient f o r  systems having mul t ip l e  p o l e s ,  and f o r  feedback 
systems having a zero o r  a pole of t he  open-loop func t ion  a t  t h e  o r i g i n .  

This development uses  the  s e n s i t i v i t y  func- 

I V .  Use of Rate Diagram Technique f o r  Nonlinear Problems: 

The " r a t e  diagram" method c u r r e n t l y  under pre l iminary  i n v e s t i -  
ga t ion  w i l l  be developed f u r t h e r  i f  i t  i s  found promising. It  i s  f e l t  
t h i s  technique may be very h e l p f u l  i n  handl ing  a system con ta in ing  more 
than  one n o n l i n e a r i t y .  

V.  C r i t i c a l  I n v e s t i g a t i o n  of E r r o r  Analysis  Techniques used f o r  
T ra j ec to ry  Er ro r  Analysis:  

The advent of t he  space age has  brought f o r t h  a requirement f o r  
the  development of techniques f o r  t h e  guidance and c o n t r o l  of s p a c e c r a f t  
i n  f l i g h t .  To s a t i s f y  a p a r t  of t h i s  requirement ,  techniques of e r r o r  
a n a l y s i s  must be developed. 

An e r r o r  a n a l y s i s  technique i s  a procedure which can be used t o  
p r e d i c t  the  s t a t e  e r r o r  vector  a t  a f i xed  t i m e  as a func t ion  of t h e  
source e r r o r s .  The " t ransformation technique" and t h e  "ad j o i n t  method" 
are the  gene ra l ly  accepted e r r o r  a n a l y s i s  techniques used i n  p r a c t i c e .  

The b a s i c  i d e a  f o r  the  t ransformat ion  technique of e r r o r  a n a l y s i s  
was conceived and developed by Norton i n  t h e  e a r l y  f i f t i e s .  The tech-  
nique was la te r  extended by Braham and Skidmore. 

The method of a d j o i n t  func t ions  w a s  f i r s t  used by B l i s s  i n  b a l -  
l i s t i c  p e r t u r b a t i o n  theory i n  the  e a r l y  f o r t i e s .  I n  r ecen t  y e a r s ,  the  
method of a d j o i n t  systems has  become a s tandard  mathematical  procedure 
f o r  so lv ing  l i n e a r ,  t ime-varying, o rd ina ry  d i f f e r e n t i a l  equat ions .  
Laning and B a t t i n  desc r ibe  app l i ca t ions  of a d j o i n t  techniques t o  t h e  
s tudy  of random inpu t s  t o  l i n e a r  systems. Rogers and Connolly d i s c u s s  
the  use of a d j o i n t  techniques wi th  the  ana log  computer. The a d j o i n t  
method has  a l s o  proven use fu l  i n  optimum c o n t r o l  theory ,  s e n s i t i v i t y  
a n a l y s i s ,  c e l e s t i a l  mechanics, e t c .  

I n  e r r o r  a n a l y s i s  the a d j o i n t  method has  been inves t iga t ed  by 
Hung, Cou l t e r ,  Peske and Ward, and B a t t i n .  

There e x i s t  s eve ra l  d i f f e r e n t  p o i n t s  of view as t o  which e r r o r  
a n a l y s i s  technique should be used i n  a p r a c t i c a l  s i t u a t i o n .  Research 
i s  underway on a c r i t c a l  comparison between these  two techniques and 
t o  i n v e s t i g a t e  which technique should be appl ied  t o  p r a c t i c a l  problems 
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